The origin-destination (O-D) matrix of a traffic network is usually estimated from link traffic counts combined with a sample survey. Partially observed vehicle trajectories obtained with vehicle re-identification or automatic vehicle identification (AVI) techniques such as electronic tags provide a new data source for real-time O-D matrix estimation. However, due to incomplete sampling, accurate estimation of O-D matrices from these data is not trivial. We develop a statistical model for such data and derive an unbiased estimator of the O-D matrix based on the method of moments. Further exploiting the sound statistical model, we also develop the bootstrap standard error estimate of the O-D matrix estimator. The algorithm can be computed quickly and performs very well under simulation, compared with simpler estimators. Applied to data from vehicles with electronic toll collection tags in the San Francisco Bay Area, the algorithm produces realistic time series of the hourly O-D matrix. We also study the relationship of the proposed estimator with the similar methods in the literature and discuss the extension of the methods to general, more complex networks.
INTRODUCTION
Knowledge of the origin-destination (O-D) matrix of a traffic network is useful for various planning and operations tasks. The matrix gives the number of vehicles traveling between different zones in a region. Traditionally, the O-D matrix is estimated from link traffic counts combined with a sample survey. Approaches to O-D matrix estimation using these data include network equilibrium, gravity, and distribution-assignment models (1) .
Vehicle locations observed using vehicle re-identification or automatic vehicle identification (AVI) techniques provide a new data source for real-time O-D matrix estimation. Examples of anonymous vehicle tracking technologies based on vehicle re-identification include loop detectors with high speed scanning detector cards that generate inductive signatures (2), laserbased detection systems that provide vehicle lengths (3) , and the video image processing technology that generate video-based vehicle signatures (4) . These technologies can cover only short roadway sections and vehicles are identified indirectly from their physical features, thus data from them are of limited use for O-D matrix estimation. More extensive coverage and higher accuracy are achieved by AVI techniques, where individual vehicles are uniquely identified and can be detected more accurately. AVI may be based on such mechanisms as a transponder (or a 'tag') on the vehicle or automated license plate readers, among others. Currently, these technologies are mainly used for Electronic Toll Collection (ETC) and traffic law enforcement. Examples of ETC system deployment include the E-Z pass in the East Coast (5) and FasTrak in the San Francisco Bay Area (6). We will focus on data from tag-based AVI techniques in the current paper, though the extension of the methods to data from other AVI mechanisms or those from vehicle re-identification techniques is straightforward.
Using a tag-based AVI mechanism, one can obtain partial trip trajectories of vehicles equipped with a tag by installing tag readers or antennas at various locations in a region. The trajectories are "partial" since not all vehicles are equipped with a tag and not all vehicles with a tag are detected. Such data turned out to be a useful source for real-time travel time measurement and have been utilized with great success in such systems as (7) and (8), among others. But there has been relatively little work on utilization of such data for real-time O-D estimation, partly due to the difficulty arising from the incomplete sampling and also due to the lack of a realistic testbed.
Past works on O-D estimation from AVI data include that of Van der Zijpp (9), who studied a larger problem of combining AVI data with more traditional link-volume data for real-time estimation of the O-D matrix. Even though the study was very extensive, the method was not applied to real data and only simulation results were reported. Asakura et al. (10) developed a method that is basically identical to a subset of those studied in (9) and applied it to data from Han-Shin expressway obtained with the video-based license plate recognition technique. But they applied it to a very small linear subsection of the large freeway network, bypassing many difficult issues arising from the complex network topology.
This paper formulates the data in a statistically sound model and derives an unbiased OD matrix estimator based on the method of moments estimator from such data. Also, various conditions one needs to impose on the freeway network topology will be laid out explicitly in graph theory terminology, which will pave the way for future extension of the proposed methods to larger, more complex freeway networks. The bootstrap estimate of the standard error of the O-D matrix estimator is also developed, further exploiting the sound statistical model. Finally, we apply the algorithm to the data from a real, non-linear freeway network equipped with antennas that read ETC tags.
The rest of the paper is organized as follows. Section 2 briefly describes the ETC tag reader system deployed in the Bay Area and points out the sampling problems it creates. Section 3 describes the statistical method in detail and the directed graph representation of freeway networks. The relationship between the proposed method and previous studies in (10) and (9) are also discussed. Section 4 investigates the performance of the proposed algorithm using simulated data and a real data set from San Francisco Bay Area. Section 5 discusses the possible extension of the proposed algorithm to general, more complex networks and concludes the paper.
BAY AREA ETC TAG READER SYSTEM
The FasTrak system operates according to the Caltrans Title 21 standard (11). The system has two elements, a reader and a transponder. The reader is mounted on a pole; the transponder is mounted on the vehicle windshield.
The reader transmits a RF trigger pulse to turn the transponder on. After a short time delay, the reader transmits an encoded, polling signal, which, upon detection and decoding by the transponder, provides initial information to the transponder including the type of transaction the reader wishes to conduct.
The reader then transmits an unmodulated CW (continuous wave) RF signal for the transponder to modulate with a reply data message, including the transponder ID, while backscattering to the reader. The reader then transmits an encoded acknowledge message and requests that the transponder not respond to the same polling message again for 10 seconds (11).
A reader system serves four transponder-reading locations, each with its own antenna (12) . In the Bay Area deployment, all four antennas are mounted on the same sign structure, located in the freeway divider. Three of the four antennas point in one freeway direction-the major direction, while the fourth antenna points in the opposite direction-the minor direction. The area covered in the minor direction, and the number of detected vehicles, is consequently smaller.
The antennas are mounted at a height of between 16 and 24 ft, unlike at the toll booth where the antenna is close to the vehicle. As a result, only a fraction of tagged vehicles are detected.
The passage of a tagged vehicle generates a record, comprising a scrambled version of the tag (to protect privacy) and a sequence of reader locations where the vehicle is detected and the corresponding time stamp. The resulting data set is incomplete for two reasons. First, the penetration rate, the fraction of vehicles that carry tags, is between 15 and 40 percent, depending on the time of day. Second, the detection rate, the fraction of tagged vehicles that are detected by a reader is about 80% in the major direction and 40% in the minor direction. Consequently, if a tagged vehicle passes under several readers, only some of these may detect it. A proper statistical analysis must take into account the incompleteness of the data.
METHOD
Consider a region comprising several directional locations or 'nodes' on roadways (freeways or arterials), indexed j = 1,…,J. Note that it is assumed that we have separate detection for vehicles that travel in one direction of the roadway and for those that travel in the other direction. Such data are obtained when two groups of antennas are installed right next to each other pointing in opposite directions, such as in the Bay Area ETC tag reader system. Thus we need to use caution to interpret a directional location as a "zone" in the region since trips from a single "zone" will show up in different directional locations depending on the direction of the trip. Also note that the method developed here is applicable, with little modification, to those situations in which the direction of individual trips is not known.
For two nodes j and k, write j→ k if j is immediately upstream of k. This relation defines an edge in the freeway network viewed as a directed graph (13) . An O-D pair is any pair [j,k], sometimes written [jk] . A vehicle has the O-D pair [jk] if it makes a trip that begins before j (but not before any other nodes that are considered) and ends after k (but not after any other nodes). Note that j = k is also allowed, in which case we simply write [j] . The meaning of this is obvious from the previous interpretation: the vehicle makes a trip that begins (just) before j and ends right after j.
A path is a sequence of nodes (j 1 ,…, j A ) connected by edges. An O-D pair [j, k] is traversable if a path exists starting from j and ending at k. It is uniquely traversable if such path is unique. A path contains another path if the latter is included in the former. An O-D pair contains another O-D pair if any path that contains the latter is contained by a path for the former. We assume the freeway network satisfies the following requirements:
1. The graph is connected, i.e., there is a path connecting every pair of nodes; 2. An O-D pair is uniquely traversable if it is traversable; 3. The graph has no cycle, i.e., a path with more than one edge that starts and ends at the same node.
Without these assumptions, the model formulation and methods to find the solution become very complicated. We discuss how to relax these requirements in Section 4.
Index time periods, say hours of the day, by t =1,…,T. Denote by N(t) the total number of vehicles that make a trip during t. Index vehicles by i =1,…, N(t). Let ψ be penetration probability, i.e. the probability that an individual vehicle is equipped with a tag. Let π j be the probability that a car with a tag traveling the link j is detected by the tag reader.
We assume that for every vehicle, regardless of their O-D, the event that it is equipped with a tag and the event that it is detected are independent. Although our narrative is in terms of electronic tags, a similar formulation applies with other vehicle reidentification techniques.
For an O-D pair [j,k], we define
M[jk] = (Number of cars detected at j and k but not before j nor after k).
Note that terms like 'before (after) a zone' are well defined thanks to the requirements above on the freeway network. We can rewrite M[jk] as the sum
The notation '1(·)' means the indicator function. Although the accounting identity (2) appears complicated, it allows the computation of various moments in explicit form. The expectation is given by
Here
is the probability that a car with path [l,m] is detected at link j and k but not before j nor after k. The detection probability is assumed to be given. Similarly, the elements of the variancecovariance matrix of the elements of M are 
Note that the elements in both vectors are arranged in the same order as the index [jk] . In other words, 
in which the matrix A and the function ∑(·) are specified by (3) and (5) respectively. More precisely,
and ∑(N) is the matrix whose θ[jk]th row and
the method of moment estimator (14) of the unknown N is given by
Note that the same formulas as (4) and (12) were independently proposed by (9) (their equation (24)) and (10) (their equation (2)), although neither authors made it clear that it is the method of moment estimator. The multinomial model is approximated by a multivariate normal distribution in the Kalman filter context in (9) and the issue of estimation of the standard error of such an estimator is not considered in detail. The other work of (10) lacked rigorous statistical formulation.
The approximate error distribution of the estimator η can be obtained from ( Computing ∑(N) is complicated, and so we use the bootstrap procedure (15) to estimate the error of the estimator. Given an estimateη, one simulates bootstrap samples M* (b) , b=1,…,B assuming η to be the true parameter. For each of those bootstrap samples, one estimates η *(b) again and uses the bias and standard error of the bootstrap sample as an estimate of the bias and standard error of the bootstrap sample as an estimate of the bias and standard error of the estimator itself.
ANALYSIS
We apply the algorithm to a simulated data set as well as to a real ETC tag data from the San Francisco Bay Area.
Simulation
Consider a region with three directional locations j = 1, 2, 3. The freeway network is defined by edges 1→2 and 2→3. The six O-D pairs are listed in Table 1 , together with the paths containing them. Even for this simple network, all O-D pairs except [1, 3] are contained in multiple paths.
Assume the detection probability is 0.5 for all three readers, i.e. For comparison, we also compute the naïve estimator η' jk = ( Number of vehicles that are observed at both j and k) / π j π k .
(11)
The naive estimator gives a rough idea about the number of vehicles that travel between two locations, but it is obviously incorrect for estimation of N. Figure 1 and Table 2 show the distribution of the estimates from the two methods estimated with 200 simulation runs. Moment estimators are very accurate, exhibiting less than 1% bias for all O-D pairs. The relative errors are less than 10%. As expected, the naive estimator performs very poorly by comparison. Except for O-D pair [1, 3] , it has huge biases. On the other hand, their standard errors are of similar magnitude as those of the moment estimators. To summarize, a naive approach cannot be used for analysis of O-D patterns, while the moment estimator provides very accurate estimates for all O-D pairs.
Bay Area ETC Data
The left plot in Figure 2 shows the topology of the freeway network and reader system locations, which can be viewed as zone labels. The data were collected over 24-hours of Thursday, 24 July, 2003. The current reader coverage is incomplete. It only includes the northern part of East Bay and a small part of San Francisco. Thus, for example, 'zone 2' includes not only the area between zones 3 and 9 but also the huge area that lies beyond 580 West. The reader coverage is being extended.
The graph representation in the right plot of Figure 2 shows all the nodes and edges. Note there are two directional locations for each reader system. In the graph, if we allow trips between nodes 7 (east and west) and 5 (north and south), denoted by arrows in dashed lines, there are cycles (7E→5N→3E and 7W→3W→5S), so we do not allow these trips. For illustration, we consider only eastbound/southbound traffic involving nodes 1E, 3E, 2E, 9E, 5S, and 7E (gray nodes). The graph is then completely described by five edges: 1→5, 1→3, 3→7, 3→2, and 2→9. There are J = 6 nodes and 15 traversable O-Ds. For each O-D (path), the set of containing O-Ds (paths) is shown in Table 3 . Note that the path-containing relationship is much more complicated than the network considered for simulation.
The penetration rate ψ is taken to be 15% and we use this value in the application. The detection rate parameters π j are estimated using the total volume data obtained from the loop detectors installed at the location close to each antenna. We use the PeMS system (16) to obtain the loop data. From these data, we find π j =0.8 for all the locations.
We first apply the algorithm to estimate the O-D matrix for the whole 24-hour period. Table 4 shows the estimates and the bootstrap estimates of its bias and variance. Most biases are controlled under 1% of the estimates and the relative errors under 5%, except for O-Ds [1, 1] and [3, 2] . Figure 3 shows the bootstrap distribution of the estimates.
We then estimate hourly O-D matrices by splitting samples into hours according to the vehicle's last observed timestamp and applying the algorithm for each hourly sample. Figure 4 shows the result.
The trend clearly reveals the changing pattern of vehicle travel demand for each O-D pair over the day. For example, the O-D [1, 3] (San Francisco to East Bay) and [5] (East Bay to San Jose) have higher demand in the morning while the O-D [2] (East Bay to Richmond) and [9] (Northeast Bay to The Carquinas bridge) have higher demand in the evening.
Computation Times
The computation required for the proposed algorithm only involves solving (12) for a matrix A of a moderate size, which can be done almost instantaneously in modern computers. Computing the bootstrap standard error estimate simply requires repeating the estimation process multiple (usually hundreds) times for re-sampled data and can also be done quickly, usually within seconds. Such fast computation implies that, using the proposed algorithm, an O-D matrix estimate as well as its bootstrap standard error can be made available in real-time for traffic operation and management purposes.
DISCUSSIONS AND CONCLUSION
We developed a method of moments algorithm for estimating real-time OD matrices from partially observed vehicle trajectories data, together with a bootstrap procedure to estimate the standard error of the estimator.
We restricted our attention to freeways with relatively simple topology, in which the corresponding graph is connected, all traversable O-Ds are uniquely traversable, and there is no cycle. These requirements are too strict for many real world freeway networks and can be relaxed with varying difficulty. For a disconnected graph, one only needs to decompose it into connected components and apply the algorithm to each component. For non-uniquely traversable O-Ds, the accounting equation (2) needs to be appropriately modified. If the route choice probabilities are known, such modification is relatively straightforward, but if they are unknown, they become extra parameters in the model and the extension is not trivial anymore. When there are cycles, one promising approach would be to remove non-likely paths from consideration to reduce the dimension of M and N and simplify A. Overall, these are all interesting challenges and we are currently working on extending the current algorithm to cope with such complex networks.
The proposed algorithm performed well. The simulation study shows that the proposed moment estimator and bootstrap standard errors are accurate under ideal settings. When applied to data from vehicles equipped with ETC transponders and 'readers' installed at various locations in San Francisco Bay Area, it produces credible hourly OD matrices very quickly.
The estimation method proposed here is similar to the existing algorithm previously developed by (9) and (10) . Differences and contributions of the current paper, when compared to the previous works, are the following:
1. More rigorous statistical formulation, 2. Bootstrap standard error estimation, 3. Applicability to freeway networks that are more complicated than linear segments, 4. Explicit specification of the conditions required on the freeway network in graph theory terminology for the algorithm to work, which paves the way for future extension to larger, more complex freeway networks, and 5. Application to a real-world situation using relatively novel data type from ETC tags.
Combined with the wider deployment of tag readers and greater penetration of tags in the vehicle population, the proposed methods would enable district-wide O-D real-time reporting in timely and accurate manner.
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